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1. Introduction
Although some nonperturbative aspects of superstring theory can now be studied
through duality symmetries, there are still many perturbative aspects of superstring the-
ory which are not well understood. For example, perturbative finiteness of superstring
amplitudes has only been proven by patching together amplitude computations using the
light-cone Green-Schwarz (GS) formalism with amplitude computations using the Ramond-
Neveu-Schwarz (RNS) formalism [1].3 This patching is necessary since the light-cone GS
amplitudes have contact term problems whereas the RNS amplitudes are only spacetime
supersymmetric after summing over spin structures.
Another aspect of perturbative superstring theory which is not well developed is the
computation of scattering amplitudes involving more than four external fermions. After
extracting their low-energy contributions, these amplitude computations could be useful
for simplifying analogous computations in QCD [3]. However, contact term interactions
in the light-cone GS formalism and the complicated nature of Ramond vertex operators
in the RNS formalism have made these amplitudes difficult to compute. So to study
perturbative finiteness and to obtain amplitude expressions for more than four external
fermions, it would be nice to have a superstring formalism which does not suffer from the
problems of the GS and RNS formalisms.
Over the last seven years, a “hybrid” formalism has been developed which combines
the advantages of the GS and RNS formalisms without including their disadvantages.
The hybrid formalism is manifestly spacetime supersymmetric and therefore does not re-
quire summing over spin structures and can easily handle an arbitrary number of external
fermions. Furthermore, in a flat target-space background, the hybrid worldsheet action is
quadratic so scattering amplitudes can be computed using free field OPE’s.
In this paper, one-loop scattering amplitudes will be computed using the d=4 version
of the hybrid formalism which describes the Type II superstring4 compactified on any
six-dimensional manifold which preserves at least d=4 supersymmetry [4]. These one-loop
amplitudes will be computed for an arbitrary number of external N=2 d=4 supergravity
states which are independent of the compactification. The amplitudes will be expressed as
3 The proof of [2] using the twistor-string formalism is incorrect since the unphysical poles
come from the chiral boson correlation function were not treated in a BRST-invariant manner.
4 Although only the Type II superstring will be discussed here, all results are easily generalized
to one-loop open or heterotic superstring amplitudes.
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Koba-Nielsen-like formulas with manifest N=2 d=4 supersymmetry which closely resemble
the formulas computed in [5] for tree amplitudes. Although these one-loop amplitudes
could be computed in principle using the RNS or light-cone GS formalisms, the problems
described earlier have up to now prevented such computations. However, it will be shown
that when all external states are NS-NS, the amplitudes agree with the RNS result.
There are various generalizations of these one-loop computations which might be pos-
sible. One possible generalization would be to compute one-loop amplitudes involving
external compactification-dependent states. Such computations would be interesting for
anomaly analysis but require a better understanding of correlation functions involving
the chiral boson ρ in the hybrid formalism. A second possible generalization would be
to compute one-loop amplitudes using the d=6 [6] or d=10 [7] pure spinor versions of
the hybrid formalism which manifestly preserve more spacetime symmetries. And a third
possible generalization would be to use the hybrid formalism to compute multiloop ampli-
tudes which might be useful for studying perturbative finiteness. Up to now, only special
“topological” amplitudes [8] which involve trivial correlation functions of the chiral boson
ρ have been computed at higher loops using the hybrid formalism [9].
Section 2 of this paper will review the d=4 hybrid formalism. Section 3 will use the
correlation functions of the hybrid worldsheet variables on a torus to compute explicit
d=4 supersymmetric expressions for one-loop N-point amplitudes with external massless
d=4 states. And section 4 will prove that these one-loop expressions are gauge-invariant,
single-valued, modular invariant, and agree with the RNS one-loop amplitudes when all
external states are in the NS-NS sector.
2. Review of d=4 Hybrid Formalism
2.1. Worldsheet action
After embedding the RNS superstring in a cˆ = 2 N=2 superstring and performing a
field redefinition on the worldsheet variables, the superstring can be described in a d=4
super-Poincare´ covariant manner using the d=4 hybrid formalism [4]. This formalism can
be used to describe either the uncompactified superstring or any compactification of the
superstring which preserves at least d=4 supersymmetry. For the Type II superstring,
the worldsheet variables in this formalism consist of the N=2 d=4 superspace variables
2
[xm, θαL, θ
α˙
L, θ
α
R, θ
α˙
R] for m = 0 to 3 and (α, α˙) = 1 to 2, the fermionic conjugate mo-
menta [pLα, p¯Lα˙, pRα, p¯Rα˙], a left and right-moving chiral boson [ρL, ρR], and a worldsheet
N=(2,2) cˆ = 3 superconformal field theory which represents the compactification manifold.
The worldsheet action in conformal gauge for these fields is∫
dzdz¯(
1
2
∂xm∂¯xm + pLα∂¯θ
α
L + p¯Lα˙∂¯θ
α˙
L + pRα∂θ
α
R + p¯Rα˙∂θ
α˙
R) (2.1)
+SρL + SρR + SC
where SρL and SρR are the actions for the left and right-moving chiral bosons, and SC is
the action for the compactification-dependent variables. Note that z versus z¯ is correlated
with L versus R, and not with θ versus θ.
As y → z, the free-field OPE’s of the four-dimensional variables are
xm(y)xn(z)→ −ηmn log |y − z|2, (2.2)
ρL(y)ρL(z)→ − log(y − z), ρR(y)ρR(z)→ − log(y¯ − z¯),
pLα(y)θ
β
L(z)→
δβα
y − z
, p¯Lα˙(y)θ¯
β˙
L(z)→
δβ˙α˙
y − z
,
pRα(y)θ
β
R(z)→
δβα
y¯ − z¯
, p¯Rα˙(y)θ¯
β˙
R(z)→
δβ˙α˙
y¯ − z¯
.
Note that all worldsheet variables are periodic and that the chiral boson ρ can not be
fermionized since eρL(y) e−ρL(z) → (y− z) and eρR(y¯) e−ρR(z¯) → (y¯− z¯). It has the same
behavior as the negative-energy field φ that appears when bosonizing the RNS ghosts.
2.2. Worldsheet N=2 superconformal generators
Using RNS variables, one can construct the twisted cˆ = 2 N=2 superconformal gen-
erators [T,G, G¯, J ] = [Tmatter + Tghost, jBRST , b, bc + ξη] where the L/R index is being
suppressed in this subsection. In terms of the d=4 hybrid variables, these generators are
mapped under the field redefinition to[4]
T = −
1
2
∂xm∂xm − pα∂θ
α − p¯α˙∂θ
α˙
−
1
2
(∂ρ∂ρ+ ∂2ρ) + TC , (2.3)
G = eρ(d)2 +GC , G¯ = e−ρ(d¯)2 + G¯C , J = −∂ρ+ JC ,
where
dα = pα +
i
2
θ
α˙
∂xαα˙ −
1
4
(θ)2∂θα +
1
8
θα∂(θ)
2,
3
d¯α˙ = p¯α˙ +
i
2
θα∂xαα˙ −
1
4
(θ)2∂θα˙ +
1
8
θα˙∂(θ)
2,
xαα˙ = xmσ
m
αα˙, and [T
C , GC , G¯C , JC ] are the twisted cˆ = 3 N=2 generators of the super-
conformal field theory used to describe the compactification manifold.
As was shown by Siegel[10], dα and d¯α˙ satisfy the OPE’s
dα(y)d¯α˙(z)→ i
Παα˙
y − z
, dα(y)dβ(z)→ regular, d¯α˙(y)d¯β˙(z)→ regular, (2.4)
dα(y)U(z)→
DαU
y − z
, d¯α˙(y)U(z)→
D¯α˙U
y − z
,
dα(y)∂θ
β(z)→
δβα
(y − z)2
, d¯α˙(y)∂θ
β˙
(z)→
δβ˙α˙
(y − z)2
,
dα(y)Π
m(z)→ −i
σmαα˙∂θ
α˙
y − z
, d¯α˙(y)Π
m(z)→ −i
σmαα˙∂θ
α
y − z
, Πm(z)Πn(z)→ −
ηmn
(y − z)2
where
Πm = ∂xm−
i
2
σmαα˙(θ
α∂θ
α˙
+θ
α˙
∂θα), Dα = ∂θα −
i
2
θ
α˙
∂αα˙, D¯α˙ = ∂θα˙ −
i
2
θα∂αα˙, (2.5)
and U(z) = U(x(z), θ(z), θ(z)) is a scalar superfield. The advantage of working with
the variables dα, d¯α˙ and Π
m is that they commute with the spacetime supersymmetry
generators
qα =
∫
dz[pα −
i
2
θ
α˙
∂xαα˙ −
1
8
(θ)2∂θα], q¯α˙ =
∫
dz[p¯α˙ −
i
2
θα∂xαα˙ −
1
8
(θ)2∂θα˙].
2.3. Massless compactification-independent vertex operators
Since the hybrid formalism is a critical N=2 superconformal field theory, physical
vertex operators can be described by U(1)-neutral N=2 primary fields with respect to the
superconformal generators of (2.3). For massless states of the Type II superstring which
are independent of the compactification, the unintegrated vertex operator only depends
on the zero modes of [xm, θαL, θ
α˙
L, θ
α
R, θ
α˙
R] and is therefore described by the scalar superfield
U(x, θL, θL, θR, θR), which is the prepotential for an N=2 d=4 supergravity and tensor
multiplet [11]. The NS-NS fields for the graviton, anti-symmetric tensor, and dilaton are
in the θαLθ
α˙
Lθ
β
Rθ
β˙
L component of U , i.e.
[DLα, D¯Lα˙][DRβ , D¯Rβ˙]U |θ=θ=0 = σ
m
αα˙σ
n
ββ˙
(hmn + bmn + ηmnφ), (2.6)
4
and the R-R field strengths for the U(1) vector and complex scalar are in the (θL)
2θ
α˙
L
(θR)
2θ
β˙
R and θ
α
L(θL)
2 (θR)
2θ
β˙
R components of U , i.e.
(DL)
2D¯Lα˙(DR)
2D¯Rβ˙U |θ=θ=0 = (σ
mn)α˙β˙Fmn, DLα(D¯L)
2(DR)
2D¯Rβ˙U |θ=θ=0 = σ
m
αβ˙
∂my,
where DLα and D¯Lα˙ are defined as in (2.5) with θ
α
L and θ
α˙
L variables, and DRα and D¯Rα˙
are defined as in (2.5) with θαR and θ
α˙
R variables. Note that in standard SU(2) notation for
N=2 superspace, θαL = θ
α
+, θ
α˙
L = θ
+α˙
, θαR = θ
α
−, and θ
α˙
R = θ
−α˙
.
For U to be an N=2 primary field, it must satisfy the constraints
(DL)
2U = (D¯L)
2U = (DR)
2U = (D¯R)
2U = ∂m∂
mU = 0.
The first four constraints are the N=2 d=4 supersymmetric generalization of the usual po-
larization conditions, and the last constraint is the equation of motion in this gauge. Using
the OPE’s of (2.2), one can compute that the integrated form of the closed superstring
vertex operator is∫
d2z V =
∫
d2z G¯L(GL(G¯R(GR(U)))) =
∫
d2z|H(z)|2U(z, z¯) (2.7)
where
H(z) = dαL(z)(D¯L)
2DLα + d¯
α˙
L(z)(DL)
2D¯Lα˙ (2.8)
+∂θαL(z)DLα − ∂θ
α˙
L(z)D¯Lα˙ +
i
2
ΠLαα˙(z)[D
α
L, D¯
α˙
L],
| |2 signifies the left-right product, and all superspace derivatives Dα and D¯α˙ act on the
superfield U .
Using the field redefinition to write (2.7) in terms of RNS variables, one can check
that the NS-NS fields of (2.6) couple in (2.7) as∫
d2z V =
∫
d2z(∂xm + iψmL ψ
p
Lkp)(∂¯x
n + iψnRψ
q
Rkq)(hmn + bmn + ηmnφ), (2.9)
which is the usual RNS vertex operator. Furthermore,
∫
d2z V is invariant up to a surface
term under the linearized gauge transformation
δU = (DL)
2ΛL + (D¯L)
2Λ¯L + (DR)
2ΛR + (D¯R)
2Λ¯R, (2.10)
which is the N=2 d=4 supersymmetric generalization of the gauge transformation δ(hmn+
bmn + ηmnφ) = ∂mλLn + ∂nλRm. For example, under δU = (DL)
2ΛL,
δV = (−∂θ
α˙
LD¯Lα˙ +
i
2
ΠmLαα˙[D
α
L, D¯
α˙
L])H¯(z¯)(DL)
2ΛL (2.11)
= (−∂θαLDLα − ∂θ
α˙
LD¯Lα˙ −Π
m
L ∂m)H¯(z¯)(DL)
2ΛL = −∂z(H¯(z¯)(DL)
2ΛL).
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3. One-Loop N-point Scattering Amplitude
3.1. Topological prescription
In [9], a “topological” prescription was given for computing scattering amplitudes for
any cˆ = 2 N=2 superconformal field theory. This prescription uses the twisted version
of the N=2 superconformal field theory in which the worldsheet N=2 superconformal
ghosts contribute zero central charge and decouple from the scattering amplitudes. For the
cˆ = 2 N=2 superconformal field theory representing the self-dual string on T 2 × R2, this
prescription was used by Ooguri and Vafa [12] to explicitly compute the g-loop partition
function dependence on the T 2 moduli.
For the cˆ = 2 N=2 superconformal field theory which represents the superstring using
the d=4 hybrid formalism reviewed in section 2, there is a subtlety in the prescription
caused by the negative energy chiral boson ρ. Like the chiral boson φ in the RNS formalism,
correlation functions of ρ can have unphysical poles which need to be treated carefully.
Fortunately, as in the special multiloop amplitudes computed in [8][9], this subtlety can be
ignored here because the chiral boson ρ will decouple from the other worldsheet variables.
The topological prescription for the one-loop Type II superstring amplitude is
A =
∫
d2τ(τ2)
−2
∫
d2z1...
∫
d2zN 〈(
∫
JL ∧ JR)
2 V1(z1, z¯1)...VN(zN , z¯N )〉 (3.1)
where
∫
JL ∧ JR =
∫
d2w(−∂ρL + J
C
L )(−∂¯ρR + J
C
R ) is constructed from the U(1) currents
of [4] and 〈 〉 signifies the two-dimensional correlation function on a torus. As discussed
in [9], this prescription reproduces (up to picture-changing subtleties) the standard one-
loop RNS prescription in the large Hilbert space. Note that when written in terms of RNS
varaiables, (
∫
JL∧JR)
2 = (
∫
d2w(bLcL+ξLηL)(bRcR+ξRηR))
2, and this term is necessary
for providing the [bL, cL, ξL, ηL] and [bR, cR, ξR, ηR] zero modes in the large RNS Hilbert
space.
When the external states are d=4 supergravity states represented by (2.7), the vertex
operators are independent of the ρ variable and the compactification variables. So the
two-dimensional correlation function factorizes into a d=4 contribution coming from the
[xm, θα, θα˙, pα, p¯α˙] worldsheet variables which depends on the external states, and a d=6
contribution coming from the ρ variable and compactification variables which does not
depend of the external states. Since the d=4 worldsheet variables are free fields, one
can easily compute their correlation functions on a torus. Although the compactification
variables are not necessarily free fields, they only contribute an overall factor through their
partition function which is independent of the external momenta and polarizations.
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3.2. Partition functions on a torus
Since the d=4 worldsheet variables [xm, θα, θ¯α˙, pα, p¯α˙] all are periodic free fields, it
is straightforward to compute their partition functions. From the four xm’s, the par-
tition function is (|η(τ)|−2τ
− 1
2
2 )
4 = |η(τ)|−8τ−22 where η(τ) = e
piiτ
12
∏∞
n=1(1 − e
2πinτ ) is
the Dedekind eta function. And the partition functions for the fermions [θαL, θ
α˙
L, θ
α
R, θ
α˙
R]
and [pLα, p¯Lα˙, pRα, p¯Rα˙] contribute |η(τ)|
16 for correlation functions involving all sixteen
fermionic zero modes. Note that these sixteen fermionic zero modes will come from the
external vertex operators.
The partition functions of the remaining variables depend on the twisted cˆ = 3 N=2 su-
perconformal field theory which describes the compactification manifold. For example, for
the uncompactified superstring, the remaining variables are [xj , x¯j¯, ΓjL, Γ¯
j¯
L, Γ
j
R, Γ¯
j¯
R, ρL, ρR]
where j = 1 to 3, ΓjL/R are fermions of zero conformal weight and Γ
j¯
L/R are fermions of
+1 conformal weight.
The partition function for the six uncompactified x’s provides the factor (|η(τ)|−2τ
− 1
2
2 )
6
= |η(τ)|−12τ−32 . Naively, the partition function for [Γ
j
L, Γ¯
j¯
L, Γ
j
R, Γ¯
j¯
R] is zero since
〈(
∫
JL ∧ JR)
2〉 = 〈(
∫
(−∂ρL + Γ
j
LΓ¯
j¯
L)(−∂ρR + Γ
j
RΓ¯
j¯
R))
2〉 provides at most eight of the
twelve fermion zero modes. However, the partition function for the ρ field diverges in the
absence of eρ factors, so the expression 〈(
∫
JL ∧ JR)
2〉 needs to be regularized. This can
be easily done by writing
1 = lim
y→z
Γ1L(y)Γ
1
R(y¯)e
−ρL(y)−ρR(y¯) Γ¯1¯L(z)Γ¯
1¯
R(z¯)e
ρL(z)+ρR(z¯) (3.2)
and computing 〈 1 (
∫
JL ∧ JR)
2〉. With this regularization, the partition function for
[Γ2L,Γ
3
L, Γ¯
2¯
L, Γ¯
3¯
L] and [Γ
2
R,Γ
3
R, Γ¯
2¯
R, Γ¯
3¯
R] gives |η(τ)|
8τ22 where the eight fermion zero modes
come from (JL ∧ JR)
2 and the τ22 factor comes from integrating (JL ∧ JR) twice over the
torus.
Finally, the partition function for the [Γ1L, Γ¯
1¯
L, ρL] and [Γ
1
R, Γ¯
1¯
R, ρR] variables can be
computed using the same method as was used in [13] for the [ξL, ηL, φL] and [ξR, ηR, φR]
variables in the large RNS Hilbert space. It was shown in [13] that functional integration
over [ξ, η, φ] variables reproduces the Verlinde-Verlinde prescription of [14] for [β, γ] corre-
lation functions if one inserts ξL(v)ξR(v¯)(
∫
ηL ∧ ηR)
g into the g-loop correlation function.
For example, the one-loop [β, γ] correlation function
〈δ(γL(y))δ(γR(y¯)) δ(βL(z))δ(βR(z¯))〉 (3.3)
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is reproduced by the [ξ, η, φ] correlation function
〈ξL(v)ξR(v¯)(
∫
d2w ηL(w)ηR(w¯))e
−φL(y)−φR(y¯)eφL(z)+φR(z¯)〉. (3.4)
Since only the zero modes of ξ and η contribute to (3.4), this correlation function can be
written as
τ2〈ξL(y)ξR(y¯)ηL(z)ηR(z¯)e
−φL(y)−φR(y¯)eφL(z)+φR(z¯)〉 (3.5)
where the τ2 factor comes from the d
2w integration. But
〈δ(γL(y))δ(γR(y¯)) δ(βL(z))δ(βR(z¯))〉 = |η(τ)|
−4 (3.6)
for odd spin structure, which is the relevant spin structure for the periodic ρ variable.
So by comparing with (3.5) one finds that 〈 1 〉 = |η(τ)|−4τ−12 for the [Γ
1
L, Γ¯
1¯
L, ρL] and
[Γ1R, Γ¯
1¯
R, ρR] partition functions where 1 is defined in (3.2).
Multiplying together the above partition functions, one finds for the uncompactified
superstring that all η(τ) factors cancel and
A =
∫
d2τ(τ2)
−6
∫
d2z1...
∫
d2zN 〈〈 V1(z1, z¯1)...VN(zN , z¯N )〉〉 (3.7)
where 〈〈 〉〉 signifies the correlation function on a torus divided by the partition function,
and the correlation function must include all sixteen zero modes of the d = 4 fermionic
variables. Using techniques similar to those used in [5] for tree amplitudes, (3.7) will now
be explicitly computed.
3.3. Koba-Nielsen-like formula for one-loop amplitude
To evaluate (3.7) for external massless compactification-independent states, it is con-
venient to use (2.7) to write
〈〈
N∏
r=1
Vr(zr, z¯r)〉〉 = 〈〈
N∏
r=1
|Hr|
2Ur(zr, z¯r)〉〉
=
N∏
s=1
∂
∂ǫs
∂
∂ǫ¯s
|ǫs=ǫ¯s=0 〈〈| exp(
N∑
r=1
ǫrHr)|
2
N∏
t=1
Ut(zt, z¯t)〉〉 (3.8)
where Hr is defined in (2.8) and Drα and D¯rα˙ are fermionic derivatives which act only on
Ur(zr, z¯r). For example, D2α
∏N
r=1 Ur(zr, z¯r) = U1(z1, z¯1) DαU2(z2, z¯2)
∏N
r=3 Ur(zr, z¯r).
Furthermore, it will be convenient to introduce the notation
Hr = dα(zr)w
α
r + d¯α˙(zr)w¯
α˙
r + ∂θα(zr)a
α
r + ∂θα˙(zr)a¯
α˙
r +Πm(zr)b
m
r (3.9)
8
where
wαr = −(D¯r)
2Dαr , w¯
α˙
r = −(Dr)
2D¯α˙r , a
α
r = −D
α
r , a¯
α˙
r = D¯
α˙
r , b
m
r =
i
2
σmαα˙[D
α
r , D¯
α˙
r ].
(3.10)
Note that the L/R index has been suppressed in these formulas and that | |2 signifies the
left-right product.
The first step in evaluating (3.8) is to eliminate the dα variables using the OPE’s of
(2.4).5 After separating off the zero mode dα(0) of d
α, any correlation function involving
dα(z) is determined by the conditions that it is a periodic function of z and has the pole
structure determined by the OPE’s of (2.4). So (3.8) is equal to
N∏
s=1
∂
∂ǫs
∂
∂ǫ¯s
|ǫs=ǫ¯s=0〈〈: | exp(M +
∑
r
ǫrd(0)αw
α
r )|
2 :
N∏
r=1
Ur(zr, z¯r)〉〉 (3.11)
where
M =
∑
r
ǫr[d¯α˙(zr)w¯
α˙
r + ∂θα˙(zr)a¯
α˙
r +Πm(zr)b
m
r ] (3.12)
+
∑
r,s
ǫrw
α
r F (zs − zr)(Dsα + ǫs(iΠαα˙(zs)w¯
α˙
s − i∂θ
α˙
(zs)bsαα˙))
−
∑
r,s
ǫrǫs∂F (zr − zs)w
α
r asα +
∑
r,s,t
ǫrǫsǫtF (zr − zs)F (zt − zs) ∂θα˙(zs)w¯
α˙
s wtαw
α
r ,
the function F (z) in (3.12) is the Dirac propagator for odd spin structure
F (z) = ∂z logΘ1(z, τ),
and the normal ordering symbol : : signifies that Dαr is always ordered to the left of
[wαr , w¯
α˙
r , a
α
r , a¯
α˙
r , b
m
r ]. The term proportional to ǫrǫsǫt in (3.12) comes from the pole of
dα(zt) with the residue of the pole of d
β(zr) at zs. Note that all θ
α(z) variables in (3.11)
can be set equal to their zero mode θα(0) since there are no more dα variables to contract
with.
Although F (z) → F (z) − 2πin under z → z + m + nτ , the correlation function of
(3.11) is single-valued on the torus after integrating out the fermionic zero modes dα(0). To
see this, suppose that zu → zu +m+ nτ for some u. Then M →M − 2πin δM where
δM = (
∑
r
ǫrw
α
r )[Duα+ǫu(iΠαα˙(zu)w¯
α˙
u−i∂θ
α˙
(zu)buαα˙+2∂θα˙(zu)w¯
α˙
u
∑
t
ǫtwtαF (zt−zu))]
5 Although one could instead have used the free field OPE’s of (2.2) to eliminate the pα
variables of (3.8), this would break manifest d=4 supersymmetry.
9
−ǫuw
α
u
∑
s
[Dsα + ǫs(iΠαα˙(zs)w¯
α˙
s − i∂θ
α˙
(zs)bsαα˙ + 2∂θα˙(zs)w¯
α˙
s
∑
t
ǫtwtαF (zt − zs))].
Since integrating over dα(0) brings down the term (
∑
r ǫrw
α
r )
2, the first term in δM does
not contribute since it is proportional to
∑
r ǫrw
α
r . One can check that the second term in
δM contributes
〈〈: δM | expM |2 :
∏
t
Ut(zt, z¯t)〉〉 = −〈〈: ǫuw
α
u (
∮
dy dα)| expM |
2 :
∏
t
Ut(zt, z¯t)〉〉 (3.13)
where the contour integration in
∮
dy dα goes around all N external vertex operator loca-
tions zr. Deforming this contour off the back of the torus, one finds that (3.13) is zero, so
the correlation function of (3.11) is single-valued on the torus.
One can similarly use the OPE’s of (2.4) to eliminate d¯α˙ in (3.11) and write
〈〈
∏N
r=1 Vr(zr, z¯r)〉〉 as
N∏
s=1
∂
∂ǫs
∂
∂ǫ¯s
|ǫs=ǫ¯s=0〈〈| : exp(
∑
r
ǫr(d
(0)
α w
α
r + d¯
(0)
α˙ w¯
α˙
r ) + L) : |
2
N∏
r=1
Ur(zr, z¯r)〉〉 (3.14)
where
L =
∑
r
ǫrΠm(zr)b
m
r +
∑
r,s
ǫrF (zr − zs)(Dsαw
α
r + D¯sα˙w¯
α˙
r ) (3.15)
+
∑
rs
ǫrǫs[F (zr − zs)iΠαα˙(zs)w¯
α˙
s w
α
r + ∂F (zr − zs)(asαw
α
r + a¯sα˙w¯
α˙
r )]
−i
∑
r,s,t
ǫrǫsǫtbtαα˙w
α
s w¯
α˙
r F (zt − zs)∂F (zr − zt)
+
∑
r,s,t,u
ǫrǫsǫtǫuw¯tα˙wuαw
α
s w¯
α˙
r F (zu − zr)F (zs − zr)∂F (zt − zr),
all θ
α˙
(z) variables are set equal to their zero mode θ
α˙
(0), and the normal ordering symbol
: : now signifies that D¯α˙r is always ordered to the left of D
α
r , which is always ordered to
the left of [wαr , w¯
α˙
r , a
α
r , a¯
α˙
r , b
m
r ].
The final step in evaluating 〈〈
∏N
r=1 Vr(zr, z¯r)〉〉 is to perform the correlation function
over the xm variables. Note that Πm in (3.15) is equal to ∂xm since θα and θ
α˙
have been
set equal to their zero modes. The correlation function over xm is easily performed using
the scalar Green’s function xm(y, y¯)xn(z, z¯)→ ηmnG(y − z) where
G(y − z) = − log |Θ1(y − z, τ)|
2 +
2π
τ2
[Im(y − z)]2. (3.16)
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For example,
〈〈| exp(
∑
r
cmr ∂xm(zr))|
2
∏
s
eik
m
s
xm(zs)〉〉 (3.17)
= exp(
∑
r,s
[−
1
2
kmr ksmG(zr − zs) + ic
m
r ksm∂G(zr − zs) + ic¯
m
r ksm∂¯G(zr − zs)
−
1
2
cmr csm∂
2G(zr − zs)−
1
2
c¯mr c¯sm∂¯
2G(zr − zs)− c
m
r c¯sm∂∂¯G(zr − zs)])
= exp(−
2π
τ2
[Im
∑
r
(cmr + ik
m
r zr)][Im
∑
s
(csm + iksmzs)])
| exp(−icmr ksmF (zr − zs) +
1
2
crmc
m
s ∂F (zr − zs) +
1
2
kmr ksm logΘ1(zr − zs, τ))|
2
where k¯mr in (3.17) is defined by k¯
m
r = −k
m
r so that e
ikm
r
xm(zr) = eik
m
r
xm(zr).
So after performing the correlation function over xm, integrating out the zero modes
of [dα(0), d¯
α˙
(0), θ
α
(0), θ
α˙
(0)], and plugging into (3.7), one finally obtains the N=2 d=4 supersym-
metric Koba-Nielsen-like formula for the one-loop amplitude
A =
∫
d2τ(τ2)
−6
∫
d2z1...
∫
d2zN
N∏
s=1
∂
∂ǫs
∂
∂ǫ¯s
|ǫs=ǫ¯s=0 (3.18)
∫
d2θLd
2θLd
2θRd
2θR : | expC|
2 : (
∑
r
ǫrwLr)
2(
∑
s
ǫsw¯Ls)
2(
∑
r
ǫ¯rwRr)
2(
∑
s
ǫ¯sw¯Rs)
2
exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm
∏
t
U˜t(k, θL, θL, θR, θR)
where
C =
∑
r,s
ǫrF (zr − zs)(Dsαw
α
r + D¯sα˙w¯
α˙
r − iksmb
m
r ) (3.19)
+
∑
r,s,t
ǫrǫs[F (zr − zs)F (zs − zt)ktαα˙w¯
α˙
s w
α
r + ∂F (zr − zs)(asαw
α
r + a¯sα˙w¯
α˙
r +
1
2
bmr bsm)]
−i
∑
r,s,t
ǫrǫsǫtbtαα˙w
α
s w¯
α˙
r (F (zt − zs)− F (zr − zs))∂F (zr − zt)
+
∑
r,s,t,u
ǫrǫsǫtǫuw¯tα˙wuαw
α
s w¯
α˙
r (F (zu − zr)− F (zu − zt))F (zs − zr)∂F (zr − zt),
Km =
∑
r
ǫrb
m
r − iσ
m
αα˙
∑
r,s
ǫrǫsw
α
r w¯
α˙
s F (zr − zs), (3.20)
U˜t(k, θ, θ) is the Fourier transform of Ut(x, θ, θ), k¯
m
r is defined by k¯
m
r = −k
m
r in K¯
m and
C¯, F (z) = ∂z logΘ1(z, τ), [w
α
r , w¯
α˙
r , a
α
r , a¯
α˙
r , b
m
r ] is defined in (3.10), and the normal ordering
symbol : : signifies that D¯α˙r is always ordered to the left of D
α
r , which is always ordered
to the left of [wαr , w¯
α˙
r , a
α
r , a¯
α˙
r , b
m
r ].
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4. Consistency of the One-Loop Formula
Although the derivation of (3.18) was completely straightforward, the consistency of
this one-loop formula will now be checked by showing that it is invariant under gauge
transformations of the external states, single-valued as a function of the vertex opera-
tor locations, modular invariant, and agrees with the RNS one-loop amplitude when all
external states are in the NS-NS sector.
4.1. Gauge invariance
To check the invariance of (3.18) under the gauge transformation of (2.10), first con-
sider δUu = (DL)
2ΛLu for the external state at zu. Since D
α
LδUu = 0, one sees from (3.10)
that wαLu = w¯
α˙
Lu = a
α
Lu = 0, a¯
α˙
Lu = D¯
α˙
Lu, and b
m
u = −ik
m
u . So from (3.19) and (3.20),
∂
∂ǫu
|ǫu=0 : | expC|
2 : exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2) (4.1)
=: [−i
∑
r
F (zu − zr)krmb
m
u +
∑
r
ǫr∂F (zr − zu)(a¯uα˙w¯
α˙
r + b
m
r bum)
−i
∑
r,s
ǫrǫsbuαα˙w
α
s w¯
α˙
r (F (zu − zs)− F (zr − zs))∂F (zr − zu)
+
2πi
τ2
bumIm(K
m + i
∑
r
kmr zr)] | expC|
2 exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2) :
=: [−
∑
r
F (zu − zr)krmk
m
u +
∑
r
ǫr∂F (zr − zu)(D¯uα˙w¯
α˙
r − ib
m
r kum)
+
∑
r,s
ǫrǫskuαα˙w
α
s w¯
α˙
r F (zr − zs)∂F (zr − zu) +
2π
τ2
kumIm(K
m + i
∑
r
kmr zr)]
| expC|2 exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2) :
where when changing a¯uα˙ to D¯uα˙, one needs to be careful with normal ordering since
: eC : D¯uα˙ =: e
CD¯uα˙ : − : [D¯uα˙, e
C ] : (4.2)
=: eCD¯uα˙ : − : kuαα˙
∑
r
ǫrF (zr − zu)w
α
r e
C :
when ǫu = 0. One can easily check that (4.1) is equal to
−
∂
∂zu
|ǫu=0 : | expC|
2 exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2) :
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm , (4.3)
so the amplitude of (3.18) is gauge invariant up to a surface term. Similarly, one can show
that the gauge transformations δUu = (D¯L)
2Λ¯L+(DR)
2ΛR+(D¯R)
2Λ¯R only change (3.18)
by a surface term.
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4.2. Single-valued function of vertex operator locations
Under the transformation zu → zu +m+ nτ for integer m and n, the function
F (z) = ∂z logΘ1(z, τ)→ F (z)− 2πin.
Since the points zu and zu +m + nτ are identified on the torus, one needs to check that
the integrand of (3.18) is single-valued under this transformation.
Using that
∑
r ǫrw
α
r =
∑
r ǫrw¯
α˙
r =
∑
r k
m
r = 0 from the [dα, d¯α˙, x
m] zero mode inte-
gration, one finds that : | expC|2 : transforms into
: | exp(C + 2πin[ǫu(w
α
u
∑
s
Dsα + w¯
α˙
u
∑
s
D¯sα˙) (4.4)
−ikum
∑
r
ǫrb
m
r + ǫuw
α
u
∑
s,t
ǫsF (zs − zt)ktαα˙w¯
α˙
s + kuαα˙
∑
r,s
ǫrǫsF (zr − zs)w¯
α˙
s w
α
r ])|
2 :
=: | exp(C + 2πnkumK
m)|2 :
where the terms proportional to
∑
sDsα and
∑
s D¯sα˙ are total derivatives which can be
ignored after ordering
∑
sDsα to the left of e
C using
: eC
∑
s
Dsα :=
∑
s
Dsα : e
C : − :
∑
r,s
ǫrF (zr − zs)ksαα˙w¯
α˙
r e
C : . (4.5)
Since the term
exp(−
2π
τ2
[Im(i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm (4.6)
is invariant under zu → zu +m+ nτ ,
exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm
transforms into
exp(−4πinkumImK
m) exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm .
So the product
: | expC|2 : exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm
is invariant under zu → zu+m+nτ , implying that the integrand of (3.18) is single-valued.
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4.3. Modular invariance
Under the modular transformation τ → τ ′ = −τ−1 and z → z′ = τ−1z, the amplitude
of (3.18) should remain invariant. To check this, it is useful to define ǫ′r = τ
−1ǫr. Using
τ ′2 = |τ |
−2τ2, F (z, τ) = τ
−1F (z′, τ ′)−2πiz′, ∂F (z, τ) = τ−2∂′F (z′, τ ′)−2πiτ−1, (4.7)
one finds that
A =
∫
d2τ ′(τ ′2)
−6|τ |−8
∫
d2z′1...
∫
d2z′N
N∏
s=1
∂
∂ǫ′s
∂
∂ǫ¯′s
|ǫ′
s
=ǫ¯′
s
=0 (4.8)
∫
d2θLd
2θLd
2θRd
2θR : | expC|
2 : (τ
∑
r
ǫ′rwLr)
2(τ
∑
s
ǫ′sw¯Ls)
2(τ¯
∑
r
ǫ¯′rwRr)
2(τ¯
∑
s
ǫ¯′sw¯Rs)
2
exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm
∏
t
U˜t(k, θL, θL, θR, θR)
where C and Km are defined in (3.19) and (3.20).
One can write : expC : in terms of ǫ′r, z
′
r, and τ
′ using
: expC(ǫr, zr, τ) :=: exp(C(ǫ
′
r, z
′
r, τ
′) + 2πi[
∑
r
ǫrz
′
r(w
α
r
∑
s
Dsα + w¯
α˙
r
∑
s
D¯sα˙) (4.9)
−i
∑
r
ǫrbrm
∑
s
kms z
′
s −
∑
r,s,t
ǫrǫs(z
′
rF (zs − zt)− z
′
tF (zr − zs))ktαα˙w¯
α˙
s w
α
r
−
1
2
τ−1
∑
r,s
ǫrǫsb
m
r bsm − iτ
−1
∑
r,s,t
ǫrǫsǫtbtαα˙w
α
s w¯
α˙
r F (zr − zs)
−τ−1
∑
r,s,t,u
ǫrǫsǫtǫuw¯tα˙wuαw
α
s w¯
α˙
r F (zs − zr)F (zt − zu)]) :
=: exp(C(ǫ′r, z
′
r, τ
′) + 2πiτ [−iK ′m
∑
t
kmt z
′
t −
1
2
K ′mK
′m]) :
where
K ′m = τ−1Km =
∑
r
ǫ′rb
m
r − iσ
m
αα˙
∑
r,s
ǫ′rǫ
′
sw
α
r w¯
α˙
s F (z
′
r − z
′
s, τ
′) (4.10)
and (4.5) has been used to order
∑
sDsα to the left of : expC :.
Since (4.6) is modular invariant,
exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm
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= | exp[
π
2
(τ2(τ2)
−1 − (τ ′2)
−1)(K ′mK
′
m + 2iK
′
m
∑
s
kms z
′
s)]|
2
exp(−
2π
τ ′2
[Im(K ′m + i
∑
r
kmr z
′
r)]
2)
∏
r,s
|Θ1(z
′
r − z
′
s, τ
′)|k
m
r
ksm
= | exp[πiτ(K ′mK
′
m + 2iK
′
m
∑
s
kms z
′
s)]|
2
exp(−
2π
τ ′2
[Im(K ′m + i
∑
r
kmr z
′
r)]
2)
∏
r,s
|Θ1(z
′
r − z
′
s, τ
′)|k
m
r
ksm .
So
: | expC(ǫr, zr, τ)|
2 : exp(−
2π
τ2
[Im(Km + i
∑
r
kmr zr)]
2)
∏
r,s
|Θ1(zr − zs, τ)|
km
r
ksm
=: | expC(ǫ′r, z
′
r, τ
′)|2 : exp(−
2π
τ ′2
[Im(K ′m + i
∑
r
kmr z
′
r)]
2)
∏
r,s
|Θ1(z
′
r − z
′
s, τ
′)|k
m
r
ksm ,
which implies using (4.8) that A is modular invariant.
4.4. Equivalence with RNS amplitude for external NS-NS states
In this final subsection, the one-loop amplitude of (3.18) will be shown to be equivalent
to the RNS prescription when all external d=4 states are in the NS-NS sector. The method
used for evaluating the RNS amplitude will be an N-point generalization of the four-point
one-loop computation in [15].
In the RNS formalism, the one-loop amplitude for N external massless d=4 NS-NS
states can be written as
ARNS =
∫
d2τ(τ2)
−2
N∏
r=1
∫
d2zr
∑
spin
〈(
∫
d2w bLcL(w)bRcR(w¯))
N∏
r=1
V RNSr (zr, z¯r)〉 (4.11)
where V RNSr is defined in (2.9),
∫
d2w bLcL(w)bRcR(w¯) provides the fermionic ghost zero
modes, and
∑
spin〈 〉 signifies the two-dimensional correlation function summed over the
four possible spin structures on the torus. Since Vr only involves ψ
m in four of the ten
directions, the odd spin structure does not contribute to (4.11).
The first step to evaluating (4.11) is to compute the partition functions of the various
worldsheet fields. For the uncompactified superstring, the [β, γ] partition function cancels
the [ψ8, ψ9] partition function, the xµ partition function contributes |η(τ)|−20τ−52 , and the
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[bL, cL, bR, cR] partition function contributes |η(τ)|
4τ2 where the τ2 factor comes from the∫
d2w integration in (4.11).
To compute the partition function for ψµ for µ = 0 to 7, it is convenient to Wick-
rotate to Euclidean space and then use SO(8) triality to map ψµ to a Majorana-Weyl SO(8)
spinor variable χa for a = 1 to 8. As in the GS formalism, χa satisfies periodic boundary
conditions on the torus so there is no need to sum over spin structures. As discussed in [15],
the only subtlety in this SO(8) triality map comes from the odd spin structure because of
the missing zero modes of ψ8 and ψ9. Note that the odd spin structure contributes parity-
violating amplitudes involving odd powers of the spacetime ǫ tensor. However, as in the
one-loop four-point amplitude computed in [15], there is no parity violating contribution
to one-loop N-point amplitudes when all external states contain d=4 polarizations and
momenta. So the above subtlety coming from odd spin structures can be ignored.
Since the partition function for eight left and right-moving periodic fermions con-
tributes |η(τ)|16, the scattering amplitude of (4.11) is
ARNS =
∫
d2τ(τ2)
−6
N∏
r=1
∫
d2zr〈〈
N∏
r=1
V RNSr (zr, z¯r)〉〉 (4.12)
where
V RNSr = (∂x
m + iχaL(Γ
mp)abχ
b
Lkp)(∂¯x
n + iχcR(Γ
nq)cdχ
d
Rkq)(hmn + bmn + ηmnφ), (4.13)
(Γmn)ab are constructed from the SO(8) Pauli matrices, 〈〈 〉〉 signifies the correlation
function divided by the partition function, and the correlation function must include all
sixteen fermionic zero modes of χaL and χ
a
R.
To compare (4.12) with the one-loop amplitude of (3.7), divide the Majorana-Weyl
SO(8) spinor χa into the SO(4)× SO(4) spinors χαβ
′
and χα˙β˙
′
for (α, α˙, β′, β˙′) = 1 to 2
where the first SO(4) acts on the unprimed spinor indices and µ = 0 to 3, while the second
SO(4) acts on the primed spinor indices and µ = 4 to 7. Then by defining
θα = χα+
′
, θ
α˙
= χα˙−˙
′
, pα = χα−
′
, p¯α˙ = χα˙+˙
′
, (4.14)
one can equate the correlation function and zero modes of χa with the correlation functions
and zero modes of [θα, θ
α˙
, pα, p¯α˙]. Furthermore, one can use
χa(Γmn)abχ
b = pα(σmn)αβθ
β + p¯α˙(σ¯mn)α˙β˙θ
β˙
16
to show that the hybrid vertex operator of (2.7) for NS-NS states coincides with the RNS
vertex operator of (4.13). So the RNS and hybrid one-loop amplitudes for external NS-NS
states have been proven to be equivalent.
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